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BRAND SELECTION AND ITS MATRIX STRUCTURE
—Expansion of its Block Matrix to the Third Order Lag—

Kazuhiro TAKEYASU

ABSTRACT : Focusing on the fact that consumers are apt to buy superior brand when they are
accustomed or bored to use current brand, a new method of analysis is introduced. The data set (before
buying data and after buying data (for example, former buying data and current buying data)) is stated
using a linear model. When this is done, the transition matrix becomes an upper triangular matrix. In
this paper, the equation using transition matrix stated by the Block Matrix is expanded to the third order
lag and the method is newly re-built. An S-step forecasting model is also introduced. This approach makes
it possible to identify brand position in the market and it can be utilized for building useful and effective

marketing plan.
Key Words: brand selection, matrix structure, brand position, third order lag

1. INTRODUCTION

It is often observed that consumers select upper-class brands when they buy after they are bored with their
current brand. Suppose that former buying data and current buying data are gathered. Also suppose that upper
brand is located upper in the variable array. Then the transition matrix becomes an upper triangular matrix under
the supposition that the former buying variables are used as input and the current buying variables are used as
output. If the top brand were selected from lower-class brand, skipping intermediate brands, the corresponding
part in the upper triangular matrix would be 0. If a transition matrix is identified, an s-step forecasting can be
executed. Generalized forecasting matrix components’ equations are introduced. Planners for products need to
know whether their brand is higher or lower than other products. The matrix structure makes it possible to
ascertain this by calculating consumers’ activities for brand selection. Thus, this proposed approach makes it
possible to execute an effective marketing plan and/or establish a new brand.

Quantitative analysis concerning brand selection has been executed by Yamanakal5], Takahashi et al.[4].
Yamanakal5] examined the purchasing process by Markov Transition Probability with the input of advertising
expense. Takahashi et al.[4] made analysis by the Brand Selection Probability model using logistics distribution.

In Takeyasu et al. (2008,2011), the matrix structure was analyzed for cases when brand selection was executed
toward upper class brands. In this paper, the equation using transition matrix stated by the Block matrix is
extended to the third order lag and the method is newly re-built. Such research as this cannot be found as long as
searched.

Hereinafter, the matrix structure is clarified for the selection of brand in section 2. Block matrix structure is
analyzed when brands are handled in group and s -step forecasting is formulated in section 3. Expansion of the

model to the third order lag is executed in section 4. Application of this method is extended in section 5.

2. BRAND SELECTION AND ITS MATRIX STRUCTURE

(1) Upper shift of Brand selection
Now, suppose that x is the most upper class brand, y is the second upper class brand, and z is the lowest class
brand.
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Consumer’s behavior of selecting brand mightbe z > y , y > x , z — x etc. x — z might be few.

Suppose that x is current buying variable, and X, is previous buying variable. Shift to x is executed from Xys Vo

or Zb'

Therefore, X is stated in the following equation. a; represents transition probability from j -th to i-th brand.

X=a,x, tapy, +a;z,
Similarly,

y=ayy, taz,
and

z=ayz,

These are re-written as follows.

X ay Ay dyg | X
Y= 0 ay, ay |y,
z 0 0 aylz,
Set
X a, 4, dy
X= A= 0 a, ay
z) 0 0 ay ’

then, X is represented as follows.
X=AX,

Here,
XeR’,AeR™ X, eR’

A 1s an upper triangular matrix.

)
Xp
=1V
Zy

2

To examine this, generating following data, which are all consisted by the data in which transition is made from

lower brand to upper brand,

1 1
X'=[0 0
0 0
0 1
XL =1 0
0 0
i=1 2
parameter can be estimated using least square method.
Suppose
X' =AX] +¢'
&
where g = 8; i=12,---,N
&
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and minimize following J
N . .
J = Zs’rs’ — Min ®)
i=1
A which is an estimated value of A 1is obtained as follows.

-1
A= [ZN: Xix;T][zN:x;x;’fJ M
i=1 i=1
In the data group which are all consisted by the data in which transition is made from lower brand to upper brand,
estimated value A should be upper triangular matrix.
If following data which shift to lower brand are added only a few in equation (3) and (4),
0 1
X'=|1 X, =|0
0 , 0

A would contain minute items in the lower part triangle.

(2) Sorting brand ranking by re-arranging row
In a general data, variables may not be in order as X, y,z. In that case, large and small value lie scattered in A.
But re-arranging this, we can set in order by shifting row. The large value parts are gathered in upper triangular

matrix, and the small value parts are gathered in lower triangular matrix.

A A
x) (O O O) shiftingrow (z) (& ¢ O @®)
y| [¢ 00| ——0 |x||00O
z e ¢ O v e O O

(3) Matrix structure under the case skipping intermediate class brand is skipped

It is often observed that some consumers select the most upper class brand from the most lower class brand and
skip selecting the intermediate class brand.

We suppose v, w, x, y,z brands (suppose they are laid from upper position to lower position as v > w > x > y>z ).

In the above case, selection shifts would be

V& Z
V& y
Suppose they do not shift to y,x,w from z,to x,w from y, and to w from x , then Matrix structure would be
as follows.
v ay dp a4y G |V,
w 0 a, 0 0 0 |w
x[={0 0 a 0 O0|x )
Y 0 0 0 a, 0]y
z 0 0 0 0 as)hz,
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3. BLOCK MATRIX STRUCTURE IN BRAND GOURPS AND S-STEP FORECASTING
Next, we examine the case in brand groups. Matrices are composed by Block Matrix.

(1) Brand shift group — in the case of two groups

Suppose brand selection shifts from Corolla class to Mark II class in car. In this case, it does not matter which
company’s car they choose. Thus, selection of cars are executed in a group and brand shift is considered to be done
from group to group. Suppose brand groups at time 7 are as follows.

X consists of p varieties of goods, and Y consists of g varieties of goods.

n n
X1 Y

n n
X Yy

2 2

Xn - . Yn = .

xn

P yq

Xn — A]l’ A12 Xn—l (10)
Yn 07 A22 Yn—l

X,eR’(n=12,--), Y, eR"(n=12,-), A, eR”™, A,eR™, A, eR"™

Here,

Make one more step of shift, then we obtain following equation.

X, = A112, AjA, TARA, X, a1
Yn 0, Azzz Yn—z

Make one more step of shift again, then we obtain following equation.

3 2 2
Xn — A11 ’ An A12 +A11A12A22 +A12A22 Xn73 (12)
Yn 07 A223 Yn—3
Similarly,
4 3 2 2 3
X, _ Ay AVALTALALA, FALALAL FALA, | X (13)
Yn 0, A224 Yn—4
5 4 3 2 2 3 4
X, _ Ay AL AL HALTARAL FALARA, FALALA, TALA,, X, s (14)
Yn 0, A225 Yn—S
Finally, we get generalized equation for s -step shift as follows.
s—1
K s— s—k k— s—
X, AL, Ay 1Alz +2 A ApAy 1 +ApAy, l Xy
V= s v (15)

s n-s
0, A,

If we replace n—s — n,n — n+s in equation (15), we can make s -step forecast.
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(2) Brand shift group — in the case of three groups

Suppose brand selection is executed in the same group or to the upper group, and also suppose that brand

positionis x> y >z ( x is upper position). Then brand selection transition matrix would be expressed as

X, A Ap, Ap )X,
Y, |= 0, A,, Ay | Y., (16)
Z, 0, 0, A, \Z, ,
Where
xy yf zy
Xn = x-; Yn - y; Zn = Z-;
X, Yy z!
Here,
X,eR’(n=12,--), Y, eR'(n=12,-), Z,eR" (n=12,--), A, eR”™, A, eR"™
A13 e R, A,, € R™, A23 e R, A33 e R™
These are re-stated as
W, =AW, amn
where,
Xn All > A12 > A13 Xn—l
W, =Y, A= 0, A,, Ay, W= Y
Z, 0, 0, A, VR
Hereinafter, we shift steps as is done in previous section.
In the general description, we state as
W, =AW (18)
Here,
A"(S), A]Z(S)a A13(S) Xn_s
A(S) = 0’ A22(S)’ AZS(S) Wn—s = Yn—s
0, 0, A,Y Z, .
From definition,
AD Z A (19)
In the case § =2, we obtain
A, A A )AL Ay Ay
A® = 0, A,,, Ay 0, A,,, A,
0, 0, A, 0, 0, A,
2 (20)
Al AjAL TARA,, AAGHALAL HAGA,
= 0, Aiz’ ApAy +AjA,
0, 07 A§3
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Next, in the case § =3, we obtain

Aiv A%IAIZ +ALARA, +A12A§2, A121A13 +ALARA L FAA AL FARARA L FALAGA +A13A§3
A% = 0, Ay, A§2A23 +ApRARA +A23A§3 @D
0, 0, A,
In the case s = 4, equations become wide-spread, so we express each Block Matrix as follows. \
4
Agl) = Afl
AS) = A:I;IAIZ + A121A12Azz + AnAle;z + AuA;z
A(lg) = Ai1A13 + AflAIZAZS + Af1A13A33 +AGARALBAL TALARARA L + A11A13A§3
+ AleizAzs +ARARARAG + A12A23A§3 + A13A§3
A(z“z) = A;z (22)
4 3 2 2 3
A(zs) =ARAL; HARAGAL T ARAGA +AGAS,
(4) _ A4
Ay =Ay
In the case s =5, we obtain the following equations similarly.
5) 5 )
Al =A
AS) = A;‘IAIZ + A31A12A22 + A121A12A§z + AnAleiz + Ale;z
Ai? = AflAIS + AflAIZAZS + A§1A13A33 + Af1A12A22A23 + A121A12A23A33 + A121A13A§3 >
+ AnAle;zAzs +AALALARAG + A11A12A23A§3 + A11A13A;3
+ A12A;2A23 + AleizAzsAss + A12A22A23A§3 + A12A23A;3 + A13A§3
AY) = A3, (23)
5 4 3 2 2 3 4
A(zs) =ApA; +ARAGAL TARAGAGHALARAG HARAG,
(5) _ A5
Ay = Ay
In the case s = 6, we obtain
N
A = AL
Ai(;) = Af1A1z + Af1A12A22 + Af1A12A§z + Af1A12A22 + A11A12Aiz + Aleiz >
Aig) = Af1A13 + AflA12A23 + A?1A13A33 + AflAleZZAZJ + AflAleZSASS + A?1A13A§3
+ AflAuA;zAzs + AflAlezzAzsAss + A121A12A23A§3 + AflAISA;S J 94

+ A11A12A22A23 + A11A12A§2A23A33 + A11A12A22A23A§3 + A11A12A23A§3 + A11A13A§3
+ A12A22A23 + A12A22A23A33 + A12A§2A23A§3 + A12A22A23Ag3 + A12A23A33 + A13A§3
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BRAND SELECTION AND ITS MATRIX STRUCTURE

We get generalized equations for s -step shift as follows.

Aﬁ) = A;l \

11

s—1
(s) _ s—1 s—k k-1 s—1
A12 - All A12 +ZA A12A22 +A12A22
k=2

2 S— . Jj+1 . - .
A(I;) = Ail_lAl3 + Ai;z (Z Al(k+1)A(k+1)3j+ Z|:Afl_2_j {AIZ[Z AéZI kA23A]3€31J+ A13Aé31}:| >
— k=1

k=1

J=1

AY) = A3, (25)
A(zss) = ZA;;kAzsAgl j
K-1

() _ AS
Ay =Ay
Expressing them in matrix, it follows.

S}‘A#Aif(ZAummﬂ)s}j ff‘f{Al{” A;';l"‘AnA;‘;‘}AUAé;‘H

k=1

R A At S AL AN T AN
k=2

A= 0, Ay DAL AAY
o=l
0, 0, Ay
(26)
Generalizing them to m groups, they are expressed as
Xi.l) Ay Ap A Xf.]jl
Xf) _ Ay Ay A Xi.{)l
2 I @
Xglm) Aml Am2 Amm Xg.nji
1 ky 2 ky m k, kixk; (. .
XV eR", XPeRb, o, X" eR"™, A;eR"™ (i=l-,mNj=1,m)
4 . Expansion to the third order lag
Expansion of the above stated Block Matrix model to the third order lag is executed in the following method.
Here we take three groups case.
Generating Eq.(16) and Eq.(18),we state the model as follows. Here we set P=3.
X, A, B, C\X
Y, |=|D, E F|Y, (28)
Z, G, H, J)\Z, ,
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Where
x; y zy
X, =|x | Y, =\ Z,=|z
x5 V3 z3

Here,

X, eR(n=12,-), Y, eR(n=12,---), Z, eR*(n=12,---), {A,B,C,D,E,F,G,H,J} e R**

These are re-stated as:

Wn:PWn—l
Xn
W =Y,
Zn
A, B, C
P=/D, E, F
G, H J
Xn—l
Wn—l = Yn—l
Z

If N amount of data exist, we can derive the following the equation similarly as Eq.(5),
W =PW  +¢ (i=1,2,--,N)
and

N
J, =Y &le, — Min
i=1
P which is an estimated value of P is obtained as follows.
P= [Z W;; W;Zl jEZ W;—IW;ZI j
i=1 i=1

Now, we expand Eq.(34) to the third order lag model as follows.
W =PW _ +PW _ +PW,;+¢

Here
A,, B, C A,, B, C, A, B, C,
p=D, E, F |[P=D, E, F |[P=D,, E;, F
G, H, J, G, H, J, G,, H;, J,
It we set
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A
then P can be estimated as follows.

We further develop this equation as follows.

P= (PI’PZ’P3)

A, B, C, A,
=D, E, F, D,
G, H, J, G,

i\ i i\
P=| > WIWL | YW | W (40)
=1 ; -1 ; ;
W, W AW
C,, A, B,, C,;
F,, D;, E;, F,
J,, G;, H;, J,

= Zw W,’TI,ZW W,’TZ,ZW W Z

i=

1

i

i i i iT
> WLW, I,ZW, A Z,ZWHWH
i=1

mZ tst

thTl ’ Z Wl erTz > Z Wti—2Wzi—T3

i

i
X X X
N ! N ! N !
_ i iT i iT
_zyt(tl’ytl’tll Z (tZ’ytZ’t2 Zyt(z‘3’yt3’f3)
i=1 i i=1 i i=1 i
Zl Zt
i i i -l
X X X
N -1 -1 ¥ -1
i i iT i iT
Slyis 7.y T2l Z v (67yzn ) YLy [y Tan)
i=1 . . i=1 .
1 1 1
Z,, z,, z,_,
i i i
X X X
" -2 -2 N -2
i ( ) i ( 27 ), i ( 27 )
X Yio |\Xio l’yt l’zt 1 Yio - Z’yt 22Zi 5 Yo X2 3’yz 3923 (41
i=1 ) ) i=1 )
1 1 1
z,_, z,_, z,_,
i i i
X X X
N t-3 t-3 t-3
| l o | l Ly ez
yt—3 t l’yt I’Zt 1 yt—3 t— Z’yt 29 t 2 yt—3 t 3’YI 3’ t-3
i=1 . . .
1 1 1
Z,; Z,; Z,;

N . .

ZX;XZI’ thyt 1>
N . .

= >y, Zyy, "

N

szxiil’ Zﬁyg,

' in1

N N
1 i i i iT
Z - 19 ZX,X, 22 thyr 22 thzz 29 ZXXI 3> thyr 3> thzr—3

M=% Mz I

1

y, i Zyt X,

N
i iT i iT
27, Zztxt—
i=1

=1
v N

25 Zy yt 25 ZYz z,_,, Zert 3 Zy yt 3 ZYz -3
v

25 zztyt 25 ijiz’ ZZ xt 3 Ztht 3 Zlflfz

'Mzu
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le 1x/1’
Zy” X1
\r

ZX, Zxr]!
Zy/ 2 tl’

Zx, X
Zy,,, X/
i T
Zr—sxz—lv

i=1

N

i iT
ZxHyH,

N

Zx/ ]Z1 l=|

ZX/ lx/ 2

i=] l

zy/ |y/|’ ZYH Z 5 zyll Xi2s

o
ZZ,,. v,

Zxx ZY: 1>
ZYI 2yr 1

er |z/ |7|

Zxr ZZ1 l’
ir
yrfzz/—l ’|

|
ZZ/ ZyL > 211 2Z: |’|

Zx, Wy
Zy:,;yz.,
ZZ/ ,y, 1

We set this as:
P= (PI,PZ,P3)

th 1zr |5

Zy,3 7],

ZZ/ 311 19,

i=l I

er lxz 29
N

i iT
ZxerX/fZ’
Zy/ 2x/ 22

Zx, Sz

Zx, 1xr 25

1 1

Zy,3 x5,

i=] I

ZZ/ »xx 25

i=1

N

i il
foflyr727
Z)ﬂ IYz 25

zl i

/fly/—Z’
=l
N

i T
ZXI*ZyL*Z’
o

Zy/ 7y/ 25
sz ¥,

P
Zy,,sy,,z,
=]
¥
i iT
sz—zy/—z >
i=l

1
th lzz 22
1
ZYx 1Z
Zz/ 2o
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TN
i
;a.

/TI

N

Zx:fzyf:» B
Zy, Vi

i

Zx/ 1y1 3 Ztzz—s
i=1
N

i iT i iT

Zyuyw Vit
i
N

i iT

ZZ/ Yiss sz—szr—z
i=l

|
1
1 r*l
1
1

Zy,,, z],) Zy,, X[

1
v \ v

1
ZZ: 3Z« 23, er )X/ 3
.

Zx, v Zx, .z
Zy, Vi Zy,
ZzHyw ZZHZH
i=1 i

le ”21 3
Zy, .z

K, K, K,iL L, L;iM, M, M,

P=|K, K, K,/L, L, LM, M, M,

K, K, K,/L, L, LM, M, M,

N, N, NiQ Q QIR R, R
N4 NS N6 i Q4 QS Q6 ER4 RS R6
N7 N8 N9 i Q7 Q8 Q9 iR7 RS R9
5SS T L T U
x| S, S Sei T, T, TeiU4 U;, U
S, S, ST, T, T,iU, U, U,
ViV, Viieoa, e iB B By
Vi Vi Vo, oo oagiB B B
V., Vi Voie, o o 1B, By B

Then when all consist of the same level shifts or the upper level shifts (suppose X >Y > Z),
K4.: K7; Ks: L4, L7r LSt MZ! M7, MS' NZr N3' N6! TZ! T3r T6r BZ' ﬁ3r BG' Q4—' Q7r QBr R4—' R7! RB! U4—r U7r US
are all 0.

As

N4=N£» N7=N§: N8=N€: Sz=Q£:S3=Q;:56=Qg
T,=T), T,=T% Tg=T. V,=RLV,=R},V,=R}
B.= B, B7=ﬂ§: ﬂszﬁg' “2=U1'“3=U;;“6=U£

therefore they are all 0.
Ny,N5,No,T,,Ts, To, 81, Bs, Bo become diagonal Matrices.

Using a symbol “*” as a diagonal matrix, P becomes as follows by using the relation stated above.

K, K,, KL, L, L,iM, M, M,
P=| 0, K, K., 0, L, L,:'0 M, M,
0, 0 K, 0 0 Lg,i0 0 M,
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£ 0, 0N, N,, N,'R, R,, R,
0, % 0,10 N, N,0 R, R,
0, 0, %i 0, 0 N0 0 R,
S, 0, 0i % 0 0iU, U, U,
xS, S, 0,10, = 010 U, U,
S,. Sy St 0, 0, %10, 0 U,
V00 e 00 E e o
V., V., 0! a, @, 0,10, * 0
V,, Vi Vol o, @, a.i0, 0

5. APPLICATION OF THIS METHOD

Consumers’ behavior may converge by repeating forecast with above method and total sales of all brands may be
reduced. Therefore, the analysis results suggest when and what to put new brand into the market which
contribute the expansion of the market.

An application of this method can be considered in the following case. There may arise following case.
Consumers and producers do not recognize brand position clearly. But analysis of consumers’ behavior let them
know their brand position in the market. In such a case, strategic marketing guidance to select brand would be
introduced.

Setting in order the brand position of various goods and taking suitable marketing policy, enhancement of sales

would be enabled. Setting higher ranked brand, consumption would be promoted.

6. CONCLUSION

Consumers often buy products of a higher grade brand as they are accustomed or bored with their current
brand.

In this paper, the equation using transition matrix stated by the Block Matrix was expanded to the third order
lag and the method was newly re-built. An s -step forecast model was also formulated. Such research as questionnaire
investigation of consumers’ activity in automobile purchasing should be executed in the near future to verify
obtained results. This method would be applicable in such fields as brand bag purchasing, brand wine purchasing,

brand dress purchasing etc. This new method should be examined in various cases.
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